The stability of coupled systems with time-varying coupling structure (CSTCS) is considered in this paper. The graph-theoretic method on a digraph with constant weight has been successfully generalized into a digraph with time-varying weight. In addition, we construct a global Lyapunov function for CSTCS. By using the graph theory and the Lyapunov method, a Lyapunov-type theorem and some sufficient criteria are obtained. Furthermore, the theoretical conclusions on CSTCS can successfully be applied to the predator-prey model with time-varying dispersal. Finally, a numerical example of CSTCS is given to illustrate the effectiveness and feasibility of our results.
Introduction
During the past few decades, coupled systems (CSs) have been used to model a wide variety of systems in many fields, such as physics [-], biology [-] and social science [] . The general CSs can be described as follows: Generally speaking, the coupling structure of CSs is not constant. For example, in biomathematics, the dispersal rate of some species among different groups changes over time. When a natural disaster occurs, such as earthquakes and flood, some species will migrate to a safe place, then the dispersal rate of them will improve significantly. In epidemiology, the transmission rate of infectious diseases is also time-varying. For instance, population migration across regions increases greatly during the high season, and then the transmission rate of infectious diseases will be higher. However, when some regions discontinue with each other due to some reasons, the transmission rate of infectious diseases will be lower. All these facts can illustrate that time-varying coupling structure should not be neglected. Thus, we should take this time-varying coupled behavior into account, which can help us investigate the persistence of species and control infectious diseases. Consequently, it is essential for us to investigate the coupled systems with time-varying coupling structure (CSTCS). Unfortunately, as far as we know, few papers mentioned in the existing literature consider CSTCS.
Until now, many researchers, including us, have given some results of global stability of CSs. However, in our previous work we do not consider the time-varying coupling structure. In this paper, in order to make up for the defect of our previous work and characterize CSs reasonably, we will devote ourselves to the investigation of CSTCS. Generally, compared with system (), a kh (t)H kh (x k (t), x h (t)) may more reasonably be used to describe the interactions within a group or among different groups in the course of the dispersal. However, it is intricate to study the dynamics of CSTCS, since constructing a global Lyapunov function and estimating the symbol of its derivative are complex and technical under the circumstances of the time-varying coupling structure.
Motivated by the above discussions, in this paper, by introducing the time-varying coupling structure, we present a class of novel CSs that is CSTCS. Based on the graph theory and the Lyapunov method, a systematic method is established to construct a global Lyapunov function for CSTCS. Moreover, sufficient criteria ensuring the stability of CSTCS can be obtained. Furthermore, we consider a predator-prey model with time-varying dispersal. Meanwhile, stability criteria for it are presented, respectively. Then a numerical example is given to illustrate the effectiveness of our results.
The paper is outlined as follows. In Section , we introduce several preliminaries and give the formulation of the CSTCS. In Section , sufficient criteria of the stability for CSTCS are obtained. The stability results for predator-prey model with time-varying dispersal in Section . Finally, a numerical example is given in Section .
Preliminaries and model formulation

Mathematical preliminaries
For the sake of simplicity, the following notations are used in this paper. Let In what follows, we show an important lemma in [] which will be used in the proof of our main results. 
Lemma 
>  for k ∈ L.
Model formulations
To begin with, we will establish CSTCS on a digraph G with l (l ≥ ) vertices. We assume that the kth vertex is described by
where
Secondly, we take the influence of coupling structure into account. Let a kh (t) and H kh (x k , x h ) be continuous functions, representing the time-varying coupling strength and coupling function of the hth vertex to the kth vertex, respectively. Here a kh (t)H kh (x k , x h ) =  if and only if there exists no coupling influence from the hth vertex to the kth vertex for any t ≥ . Hence, for the kth vertex, via replacing
we get the following CSTCS:
In the proofs of our main theorems, a Lyapunov function for system () is constructed by combining the Lyapunov functions of vertices with the coupling structure. In the sequel, the definition of a vertex Lyapunov function set is given as follows. 
V. There exist functions
where d k (t) is the cofactor of the kth diagonal element of the Laplacian matrix of
We always suppose that all assumptions as regards the existence and uniqueness in Theorems . and . in [] are fulfilled, so system () has a unique global solution for any given initial value x() = x  , and we here denote the solution by x(t; x  ). Assume furthermore that f k (, t) =  and H kh (, ) = . Then system () has a trivial solution x(t) ≡ .
Global stability analysis for CSTCS
In this section, we investigate the stability of the trivial solution of system (). Based on the graph theory and the Lyapunov method, we shall establish a theoretical framework for constructing a global Lyapunov function of system (). The method used in the proof of main results is motivated by [, ] .
Throughout this section, we always assume that (G, (b kh (t)) l×l ) is strongly connected for any t ≥ .
Theorem  Suppose that system () admits a vertex Lyapunov functions set
{V k (x k , t), k ∈ L}. Then V (x, t) = l k= d k (t)V k (x k , t) (  ) satisfiesV (x(t), t) ≤  for t ≥ . In
other words, it is a Lyapunov function of system ().
Proof By using () and condition V, we can derive that
By Lemma , we have
F rs x r (t), x s (t) , where Q(t) is the set of all spanning unicyclic graph of (G, (b kh (t)) l×l ), W (Q(t)) is the weight of Q(t), and C Q(t) denotes the directed cycle of Q(t). Then, making use of condition V and the fact that W (Q(t)) ≥ , we obtain
The proof is complete.
With the help of some properties in graph theory, now some other simple conditions are discussed. Note that if (G, (b kh (t)) l×l ) is balanced for any t ≥ , then
In this case, () can be replaced by
Based on this, a corollary is showed below.
then () follows naturally. Thus we obtain one more corollary below.
Corollary  If (G, (b kh (t)) l×l ) is balanced for any t ≥ , the conclusion of Theorem  holds if () is replaced by ().
Remark  In Theorem , we apply the graph theory and the Lyapunov method to prove the stability of system (). Recently, the stability problem for coupled systems has been widely studied. In [], Li et al. used graph theory to explore the global-stability problem for coupled systems of differential equations on networks. In this work, if a kh (t) = a kh , our conclusion will be consistent with the Theorem . in [] . Hence, our work is a generalization of the previous studies of CSs with time-invariant structure.
Remark  The stability result is based on the vertex Lyapunov functions set in Theorem . In practical applications, since finding a suitable Lyapunov function is quite difficult, the stability criterion in Theorem  is not very convenient to be verified for a given system.
Thus it prompts us to establish a coefficient-type criterion for the stability analysis of system ().
Theorem  Let p ≥ . The trivial solution of system () is stable if the following conditions
hold for any k, h ∈ L and t ≥ .
A. There is a constant α k >  such that
A. There exists a constant A kh such that
A. The digraph (G, H(t))
, where H(t) = (A kh a kh (t)) l×l , is strongly connected and
where g k (t) is the cofactor of the kth diagonal element of the Laplacian matrix of
Making use of condition A, we get
By using condition A and the inequality (see [] , p.)
in which p, q > , we have
Substituting it into () yields
Therefore, we verify the existence of a vertex Lyapunov functions set {V k (x k , t), k ∈ L} for system (). Then we see that the trivial solution of system () is stable, which completes this proof.
Remark  In Theorem , considering condition A one needs to compute the derivative of determinant. Computing the derivative of high-order determinant is difficult. Thus the condition of Theorem  is not easy to verify. In Theorems , , we will use conditions that are described by the coefficients a kh (t) to study the stability of system (), which are easier to verify.
Theorem  When a kh (t) ≤  for all k, h ∈ L, the conclusion of Theorem  holds if () is replaced by
-α k p + p l h= A kh a kh (t) ≤ .
Proof By the definition of H(t), let B ij = A ij a ij (t) and we can obtain
Because the digraph is strongly connected and a kh (t) ≤ , we can obtain g k (t) ≤ . 
Consequently, it easily follows that
Then the condition A is satisfied. Thus we have verified all conditions in Theorem . This completes the proof.
Theorem  When a kh (t) = a k (t), k, h ∈ L, the conclusion of Theorem  holds if () is replaced by
-α k p + p l h= A kh a k (t) + l i=,i =k a i (t) a i (t) ≤ .
Proof By the definition of H(t), we have
Then it is easy to get
Therefore, condition A holds. Then the proof is complete.
An application to the predator-prey model with time-varying dispersal
In this section, we consider a predator-prey model, in which the dispersal rate of preys among l (l ≥ ) patches is time-varying, the details are as follows:
where x k and y k denote the densities of preys and predators on the patch k, respectively. The parameters in the system () are nonnegative constants, and e k , ε k , δ k and b k are positive. The notations and useful definitions in this section are as follows:
r k : the intrinsic growth rate of the preys in the absence of predation in patch k, γ k : the death rate of the predators in patch k, b k : the intra-specific competition rate of the preys in patch k, δ k : the intra-specific competition rate of the predators in patch k, ε k x k : the proportion of preys which are eaten and become predators, e k : the predator response function for the predator with respect to that particular prey in the kth patch.
Function a kh (t) ≥  is the dispersal rate of preys from patch h to patch k. Constant α kh ≥  is a boundary condition in the continuous diffusion case.
Remark  In existing literature, many researchers have investigated the predator-prey model with time-invariant dispersal (see [, ] and the references therein). However, to our knowledge, there is little work as regards the predator-prey model with time-varying dispersal. In this paper, if a kh (t) = a kh , system () turns into system (.) in [] . Hence, system () is much more general since it considers a dispersal rate of preys which is not constant but time-varying.
Remark  If we simplify system (), in other words, if we let r k = r, b k = b, e k = e, γ k = γ , δ k = δ, ε k = ε, and a kh (t) = α kh = , then it is trivial to see that system () has a unique equilibrium:
. If condition εr > bγ is satisfied, we can guarantee that (x * , y * ) T is a positive equilibrium. So it is reasonable to assume that there exists a positive
) l×l , and l k (t) be the cofactor of the kth diagonal element of the Laplacian matrix of (G, D(t) ), respectively.
Theorem  For any t ≥ , assume that the digraph (G, D(t)) is strongly connected and the following inequality holds:
Then, as long as a positive equilibrium E * exists, it is unique and globally asymptotically stable in the positive cone R l + .
Proof Consider the Lyapunov functions
Making use of system (), we get
By (), () and (), we have
Since (G, D(t)) is strongly connected for any t ≥ , l k (t) >  for k ∈ L. Note the fact that
and the quality holds if and only if x * k x h /x k x * h = . Hence, we haveV =  if and only if
Therefore, by the LaSalle invariance principle, E * is globally asymptotically stable. This also implies that E * is unique in R l + .
Based on Theorem , by using the dispersal rate of preys a kh (t), k, h ∈ L, we can get two more simple stability criteria for system (). D(t) Proof In view of ε k >  and x * h > , we have
Theorem  For any t ≥ , let (G,
Then we can get l k (t) ≤ , and the proof is similar to the proof of g k (t) ≤  in Theorem , here, we omit it. This means that the conditions of Theorem  could be achieved. This completes the whole proof.
Theorem  For any t ≥ , let (G, D(t)) be strongly connected. When a kh
Proof Similar to the proof of Theorem , we get
≤  and l k (t) >  one then sees that
And by the definition of D(t), we can obtain the coefficientmatrix D  (t) for system () as follows:
Obviously, (G, D  (t)) is strongly connected for any t ≥ . Until now, all conditions in Theorem  have been checked. Hence, we can get the conclusion that the positive equilibrium E * is unique and globally asymptotically stable in the positive cone. The simulation result is shown in Figure  .
When a kh (t) = a k (t), k, h ∈ L, let the time-varying dispersal coefficients for preys be the following: a  (t) = ., a  (t) = e sin t , a  (t) = e -t , a  (t) = e -t , a  (t) = ≤ - + cos t -sin t - t < .
It is obvious that (G, D  (t)) is strongly connected for any t ≥ . We can easily check that all conditions of Theorem  are satisfied. And the equilibrium E * of system () with timevarying dispersal coefficient-matrix D  (t) is shown in Figure  . In fact, we can clearly see from Figure . We generalize CSs with time-invariant coupling structure to CSTCS. . We first study the global stability for CSTCS by combining the graph theory with the Lyapunov method. . We apply these theoretical conclusions to a predator-prey model with time-varying dispersal.
